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Abstract 


We investigate new realisations of the IT 3 algebra with arbitrary central charge, making 
use of the fact that this algebra can be linearised by the inclusion of a spin -1 current. 
We use the new realisations with c = 102 and c = 100 to build non-critical and critical 
IT 3 BRST operators. Both of these can be converted by local canonical transformations 
into a BRST operator for the Virasoro string with c = 28 — 2, together with a Kugo-Ojima 
topological term. Consequently, these realisations provide embeddings of the Virasoro string 
into non-critical and critical W 3 strings. 
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1 Introduction 


The properties of a string theory are determined by the realisation of its underlying world-sheet 
symmetry algebra. Owing to the non-linearity of the VF 3 algebra, which makes realisations 
hard to come by, the corresponding IT 3 strings have only been extensively studied in the free- 
scalar realisations found by Romans Q. In this type of realisation, one of the scalar fields 
plays a distinguished role, and the remainder occur only in the form of their energy-momentum 
tensor. It is therefore of interest to look for new realisations that could be used to build other 
W 3 strings. Some progress has recently been made in understanding the structure of the W 3 
algebra. It has been shown that if the Ws algebra is extended to IT 1+3 by including a spin-1 
current, then after performing a non-linear basis change this can be recast into the form of a 
linear algebra [^. After this basis change, the spin-3 current becomes a null current, and the 
linear IT 1+3 algebra is generated by this null current, an energy-momentum tensor, and the 
spin-1 current. The procedure can be reversed. If the null current is set to zero, one obtains 
precisely a Romans-type realisation of the W 3 algebra with the derivative of the distinguished 
scalar field replaced by the abstract spin-1 current. However, it was shown in Ref. that 
the null current of the IT 1+3 algebra can be also be realised by a non-vanishing parafermionic 
vertex operator. In section 2, we obtain new realisations in which the null current is realised 
with ghost-like fields. The central charge of the resulting W 3 realisations can be arbitrary. 
An unusual feature of these realisations is that the spin-3 current commutes with itself at the 
classical level. The H 3 symmetry is effectively absent at the classical level {i.e. at the level of 
single contractions in OPEs); it arises properly as a consequence of quantisation. 

The new realisation takes its simplest form when c = 102. In section 3, we shall use this 
realisation to build a string. Since the critical central charge for the Ws algebra is c = 100, 
we shall need to make use of the non-critical BRST operator for Ws that was constructed in Q. 
In this construction, a nilpotent BRST operator is obtained by taking two abstract realisations 
of the W 3 algebra, with the requirement that their total central charge adds up to c = 100. One 
of the two realisations can be viewed as the “Liouville” sector and the other as the “matter” 
sector. We shall use the new realisation of the W 3 algebra for the matter sector. Then we need 
a c = —2 realisation for the Liouville sector. Interestingly enough, this is the unique value of the 
central charge for which the W 3 algebra can be realised by a single scalar field. Alternatively, 
one can fermionise this scalar and realise the algebra using a pair of fermions ( 61 , ci), of spins 
1 and 0 respectively. We shall show that the resulting BRST operator can be re-expressed, by 
means of a similarity transformation, as a BRST operator for a Virasoro string with central 
charge c = 28 — 2 , together with a purely topological Kugo-Ojima term whose only non-trivial 
operator is the identity. Thus, the cohomology of this W 3 string is entirely equivalent to that of 
the usual Virasoro string. This provides an embedding of the Virasoro string into a non-critical 
W 3 string. 

Another way to use the c = 102 realisation to build a nilpotent BRST operator is to gauge 
also the spin -1 current, since the ghosts for the additional current make a c = — 2 contribution 
to the central charge. Once the spin -1 current is included, the constraints become reducible. 
The resulting nilpotent BRST operator for IV 1+3 is equivalent to that for a Virasoro string with 
central charge c = 28 — 2, as can be seen again by performing a similarity transformation. This 
implies that the non-critical W 3 BRST operator for the new c = 102 realisation can be viewed 
as equivalent to a critical IV 1+3 BRST operator, with the fields (5i, ci) of the Liouville sector of 
the non-critical BRST operator being reinterpreted as the ghosts for the spin-1 current of the 


1 


critical BRST operator. 

In section 4, we shall give the details of how to construct a critical BRST operator, 
using the new 11^3 realisation at c = 100. After making a local similarity transformation, we 
shall show that the BRST operator is equivalent to that for the c = 28 — 2 Virasoro string. This 
gives the embedding of the Virasoro string into the critical IT 3 string mentioned above. This 
also proves that, in the new realisation, the c = 102 — 2 non-critical IT 3 string is equivalent to 
a c = 100 critical IT 3 string. 

It is also of interest to examine the problem of embedding the Virasoro string into extended 
string theories in a more general context. In addition to the embedding into the non-critical W 3 
string mentioned above, in section 2 and section 3 we shall also examine the embedding into a 
W 2 ^s string, whose world-sheet symmetry algebra is generated by a spin-s current in addition 
to the energy-momentum tensor. In particular, we shall construct explicit embeddings of the 
Virasoro string for the cases s = 1, 2,3. 


2 The linear Wi+s algebra and new realisations for W 3 

We begin by reviewing the linearisation of the W 3 algebra by the inclusion of a spin-1 current 
Q. The operator-product expansion of the spin-1 current with the spin-2 current T and spin-3 
current W of the IT 3 algebra is uniquely determined by requiring that the Jacobi identities be 
satisfied. The resulting IT 1+3 algebra can then be turned into a linear algebra by a non-linear 
invertible basis change: 


To = T, 

Wo = W + \{JJJ) + \{JT) + ^^[jdJ + \dT+^^^^d‘^j) , (1) 

Jq = J , 


where the T, W currents generate the IT 3 algebra with central charge 

c = 50 J- 16t^ + ^ , (2) 

and the OPEs J{z)W{w) and J{z)T{w) are uniquely determined by the Jacobi identities Q. 
(For simplicity, we have rescaled the W current relative to the usual normalisation.) In this 
new basis, the OPEs of the IT 1+3 algebra become linear; 


To(^)To(0) ~ 
7o(^;)To(0) ~ 
Mz)Wo{0) ~ 


To{z) ITo(O) ~ — 3 —h 


c 2ro dTp 

2 z^ ^ 

3/t + 2t ^ Jp ^ dJp T ^ ^ T ^ 

^3--^o(O) ~ , 

tWp 


Wp{z)Wp{^) ~ 0 . 


( 3 ) 


Note that in the linear basis, the spin-3 current has become the null current Wo. The invertibility 
of the non-linear basis change implies that we can reverse the procedure, and obtain a 
realisation of the W 3 algebra with central charge (§) in terms of Wo,ro and Jp. If the null 
current Wq is set to zero, one obtains a Romans-type realisation of the W 3 algebra, with the 
derivative of the distinguished scalar replaced by the abstract spin-1 current Jp. If the null 
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current Wq is non-zero, however, one obtains a new realisation. The non-vanishing current Wq 
was first realised in Ref. @ using parafermionic vertex operators. In this paper, we shall instead 
realise the Wq current with ghost-like fields. We first consider such a realisation of the IT 1+3 
algebra given by 


Tq = Tx + 2dr s + 3rds , Wq = r , Jq = rs , (4) 

where (r, s) are a pair of bosonic ghost-like fields with the OPE r{z)s{w) ~ Xjiz — w). It is 
easy to see from the Jq{z)Wq{w) OPE that t = —1. It follows from Eqn. that To must 
have central charge c = 102, and hence from Eqn. (^) that the central charge for the energy- 
momentum tensor Tx is cx = 28. 

Having found a realisation of the linear IE 1+3 algebra, we may now invert the basis change 
(jl|) to obtain a new realisation of the Wq algebra with central charge c = 102 : 

T = Tx + 2dr s + 3r ds , 

W = r — — ^rsTx + ^drrs'^ + Ird'^s + ^dr ds — s + ^dTx ■ (5) 

An unusual feature of this realisation, which contrasts with the situation in the usual free- 
scalar realisations, is that the classical terms in the W current, i.e. r — commute with 

themselves at the classical level.^ Thus, at the classical level, the realisation (^) generates just 
a Virasoro algebra together with a null spin-3 current. It is only at the quantum level that 
the IT 3 symmetry properly manifests itself. Note that, although the realisation @ for IT 1+3 is 
reducible, since Jq = sWq, the corresponding realisation @ of IT 3 is not reducible. It is worth 
remarking that T and W still generate the W 3 algebra with c = 102 even when the first term, 
r, is absent from W. In that case, one has a Romans-type realisation, with the derivative of the 
distinguished scalar replaced by Jq = rs. If we bosonise the (r, s) fields, r = e~'^ and s = r]e^, 

then the (^, rj) fields and Tx appear in the W current in (||) only via the energy-momentum 
tensor T in Eqn. (j^. Then one has precisely a Romans realisation, with cf) as the distinguished 
scalar together with an effective energy-momentum tensor Tx + T^n = Tx — rjd^. The field r 
can have arbitrary spin in this case with the r term absent from W, i.e. when Wq = 0. The 
inversion of the basis change (||) then gives rise to a realisation of the IT 3 algebra at arbitrary 
central charge.^ 

The new formulation of the Wq string that we present in this paper is based on a realisation 
including the r term in the W current. The fact that the realisation (|^ has central charge 
c = 102 is a consequence of our choice of the realisation for IT 1 + 3 . We can construct new 
realisations, which generalise the one given in Eqn. (|^, to obtain new realisations of IT 3 with 
arbitrary central charge. To do this, we introduce a pair of ghost-like anti-commuting fields 
( 61 , Cl) with spin (/c, 1 — k). The realisations of IT 1+3 with arbitrary central charge take the 
form 


To = Tx + 2dr s 3rds — k bidci — {k — 1) dbi ci , 

Wq = r, _ (6) 

Jo = —trs + Vt‘^ — 1 bici , 

^In this paper, we assign the dimension of the helds (6, c, 61 , ci, (p, X^) to be {h, , h, TJ, h'^, h'^) respectively. 

For the (r, s) and (/3, 7 ) fields, whose spins {j, l—j) change with context, we assign the dimensions to be {V, 

■^One can also bosonise the (r, s) fields differently, r = and s = . In that case, the Wo cnrrent 

is a pure exponential, which is equivalent to a special case of the parafermionic realisations discussed in Ref. fl. 
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where /c = i + ft — 1- Note that the ( 6 i , Cl) fields here can be bosonised and hence 

replaced by a free scalar. The central charge of the realisation is given by When = 1, 
the 6 i and ci fields do not appear in Jq, the central charge is c = 102, and k = ^. This gives 
rise to the IT 1+3 realisation (^), with Tx replaced by Tx + Tfe^ci- If one chooses = | instead, 
the central charge is c = 100 and k = 1. 

Having obtained the realisations of the IT 1+3 algebra, it is straightforward to obtain 
realisations of H 3 with arbitrary central charge simply by inverting the basis change ©• In 
particular, when one chooses the central charge parameter = |, one obtains a realisation of 
the H 3 algebra at c = 100. In section 4, we shall construct the critical IT 3 BRST operator for 
this realisation and study its cohomology. Before doing so, we shall construct in section 3 the 
non-critical BRST operator for the realisation (^) with c = 102. 


3 The non-critical W 3 BRST operator and its cohomology 

In this section, we use the c = 102 realisation @ to construct a IT 3 string. To do this, we must 
combine it with a c = —2 realisation to form a non-critical BRST operator as constructed in 
Q. We shall use a pair of fermions ( 61 , ci) with spins (1,0) to form the c = —2 realisation of 
IT3 §: 

Tl = —hidci , Wl = dhi dci — bi d^c\ . (7) 

Note that this realisation is reducible, and that it does not close classically but it does close at 
the quantum level. This reducibility is harmless, however, since this realisation enters only in 
the Liouville sector of the theory. By a local canonical field redefinition, the BRST operator 
can be transformed into a graded form 


Q 

— Qo + Qi ) 


Qo 

= j) c{t — bidci — 20/3 7 — 3/307 “ , 

(8) 

Qi 

= ^7(lT + |6iCiT-|6iCi/307 - 380r 



-F^6i0^ci -h 606i 0ci -b Cl + 10/307) , 



where (c, b) and ( 7 , /3) are ghosts and anti-ghosts for the spin-2 and spin-3 currents respectively, 
and T and W are given in Eqn. (^). The effective energy-momentum tensor Tx that appears in 
the operator Qi can be removed by a similarity transformation Q —> Q e“^, with R given 
by 

72 = ^ § 6(76101 -|- jrs + § 57 ) . (9) 

The BRST operator Q in (^ can then be re-expressed as 

Q = Qo Qi , 

Qo = c(Tx + 2 dr s + 3 rds — bidci — 2 dj 3 7 — 3/307 “ bdc^ , ( 10 ) 

Qi = <j) ^{r — + ^dr rs^ + \r^ds s — \rsbidci — \rsf 3 d^ 

— | 0 ^r s — dr ds + \rd'^s + ^bid^ci + |06i dci + |0/3 dj'j . 
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It is interesting to note that the Liouville sector ( 6 i, ci) enters the operator Qi only as a quantum 
correction to the classical terms 7 (r — The BRST operator Q remains nilpotent even if 

the term yr is absent. If one were to bosonise the (r, s) fields in that case, the BRST operator 
would become the same as the one given in Ref. [^, except that in this paper we use Eqn. 
rather than a two-scalar realisation for the c = —2 Liouville sector, and use Tx -|- T^n for the 
c = 26 effective energy-momentum tensor. However, as we shall see later, the inclusion of the 
yr term is crucial for obtaining a genuine embedding of the Virasoro string into the non-critical 
Hs string. 

The BRST operator ( 0 ) for the IT 3 = 11 ^ 2,3 case can easily be generalised to the cases of 
11^2,1 and 1^2,2 strings. For the 1^2,1 string, the BRST operator is given by 


Qo = ^ c{Tx + rds — bidci — pd'j — bdc^ , 
Qi = f l{r -rs- 61 Cl) . 


( 11 ) 


For the 11 ^ 2,2 case, it is given by 

Qo = c(Tx + dr s + 2 rds — bidci — 9/3 7 — 2/397 “ bdc^ 

Qi = 7(r — -b rds + 2 dr s — bidci — Pdj) . 


( 12 ) 


There should be no confusion from the fact that the (r, s) and (/3, 7 ) fields have different con¬ 
formal spins in different BRST operators. It is easy to verify that the (r, s) terms in {Qi,(3}, 


for Qi given in (IT), realise the Virasoro algebra with central charge c = 28. 

Having constructed the non-critical BRST operator for the c = 102 realisation (^) of IT 3 , 
we now would like to study its cohomology. In fact, we shall show that the BRST operator 
given in (10) provides an embedding of the Virasoro string into the non-critical W 3 string. As 
we shall see later, the BRST operators given in (^), (|T^ and (K) can all be re-expressed, by 
local similarity transformations, in the form 

Qo = fc{T, + (J-l)3rs + jr3s-b,0c,-U-l)0M-j^8y-Mc). 

Qi = iir , (13) 


for j = 1,2,3 respectively. This BRST operator can be simplified further by the similarity 
transformation Q —> e^Qe~^, with R given by 


leading to 


R = ^ s{cd/3 -t- j dc j3) , 

Qo = ^ c{Tx - bidci - bdcj , ^ yr 


(14) 


(15) 


Since the (/3, 7 ) and (r, s) fields form a Kugo-Ojima quartet Q, the BRST operator (^) simply 
describes a c = 26 dimensional Virasoro string with an energy-momentum tensor given by 
Tx - bidci. 
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In the above similarity transformations, the most difficult part is the transformation of the 
BRST operators (|ll[) , (|I^) and (|l^) into the form given in ([l^ . We shall discuss this procedure 
case by case. First, let us consider the VF 2 ,i BRST operator given in (|IlD. The similarity 
transformation involves an infinite number of terms, given by 


R=Y,Rn = - 


n>l 


/s 

n>l 


)1—n 


n(n + 1) 


_|_ ('j.j _|_ 


(16) 


It is easy to see that this similarity transformation converts the BRST operator ( [Tl|) into the 
form (13) with j = 1. Since R is primary under the total energy-momentum tensor, and since 
it does not contain the (6, c) ghosts, this transformation leaves the operator Qq invariant. That 
Qi is converted into the form yr is a consequence of the fact that e~^re^ = r — rs — bici. Note 
that all the terms in Eqn. (^) are classical. This is a special feature for the W 2 ,i case, which 
does not occur for higher-spin cases. The absence of quantum corrections here occurs simply 
because they are all total derivatives when j = 1- 

Next we consider the W 2,2 case, whose BRST operator is given in (12). In this case, the full 
similarity transformation is very complicated. It is instructive to study the transformation first 
at the classical level. The classical terms of the Qi operator are 7 (r — ir^s^). At the classical 
level, there is an invertible local canonical transformation of the (r, s) fields that converts the 
classical terms into yr, namely 


r — , 

n>0 


(17) 


where gn = n{2n + 1)“^ Qn-i with qq = 1. It is easy to verify that this canonical transformation 
leaves the associated energy-momentum tensor appearing in the Qq operator (12) invariant at 
the classical level. The classical terms of the generator R associated with the transformation 
(|T7|) are more complicated. They take the form 


Rcl — ^ ) Rn — 

n>l 


Y, hn 

n>l 


(18) 


The first few coefficients are given by hi = i, /12 = A, ha = 


hi = 


_ _ 1 _ _ 

15120 ’ 1890 ’ '‘'3 29937600 ’ 

etc. In order to obtain the generator R at the full quantum level, it is also necessary to add 
quantum corrections to the classical terms (18). Although the R operator involves infinitely 
many terms, it is possible to construct it in a systematic way since the terms can be organised 
according to their grading degree under the (r, s) number operator J = rs. In fact, the classical 
terms of Rn in Eqn. (18) have degree n. Eor each R^, there is only a finite number of candidates 


hs — 


3337 


for possible quantum corrections. Since the similarity transformation leaves Qo invariant, Rn 
has to satisfy [Rn,T^°^] = 0, with = {Qo,b}. Furthermore, it has to satisfy the following 
recursive conditions organised by the (r, s) grading: 


[-^3,7^] - ^[Ri, [R2,'yr]] - 


[Ri,yr] = Q[ , 
[R 2 ,-fr]-^[Ri,[Ri,'yr]] = 0, 

,[R 2 , [-Ri,yr]]-F i[Ri, [Ri, [Ri,yr]]] = 0, 


(19) 











where Q'l is Qi in Eqn. ( [l^ with the 'yr term removed. The computation can be simplified by 
noting that the classical terms in also have degree zero under the ( 6 i, ci) and (/3,7) number 
operators. By making the ansatz that this property persists at the quantum level, the number 
of candidate terms for each n is greatly reduced. Ri can easily be solved, and is given by 

Ri = ^ s(^r^ + ^rds + pdj + ^df3 7 + bidci) . (20) 


Note that the general forms of the quantum corrections can be obtained by making the re¬ 
placements rs d, or ^ bicid, etc. The numbers of possible quantum corrections in Rn 
and the complexity of the computations increase rapidly with n. We have solved the recursive 


conditions (1^) explicitly for and R 3 . It is worth remarking that all the coefficients in 

Ri are hxed by the recursive conditions ([^). There are two free parameters in R 2 and 10 free 
parameters in R^. Although we have not completely analysed the recursive conditions (W) for 
higher values of n, we expect that the solutions exist and that the number of free parameters 
increases with n. The fact that solutions of this form can be found justifies the simplifying 
ansatz made above. 

Having obtained the similarity transformations for the W 2 ,i and 1 ^ 2,2 cases, it is straight¬ 
forward to discuss the 11 ^ 2,3 case. The similarity transformation generator here is even more 
complicated again. As in the cases discussed above, it is instructive first to study the transfor¬ 
mation at the classical level. The classical terms of the operator Qi given in (|T^ ) are 
They can be transformed classically into yr by the invertible local held redehnition 


\_r^g3) 


r 

s 


r - ir^s^ , 
n>0 


( 21 ) 


where gn = n(3n-|-l) ^gn-i and go = 1. This held redehnition leaves the operator Qo in (1C) in¬ 
variant. The terms of the similarity transformation generator R for the classical transformation 
(H) take the form 


= E f E ^ 


n>l 


^2n+l g3n-|-l 


where hi = 1 , ^2 = hs = 


60480 ’ 


hd = 


n>l 


393120 ’ 


( 22 ) 

^5 = 15^^40 Analogously to the 1 T 2,2 
case, the Rn term in Eqn. (^) has a grading degree n under the (r, s) number operator J = rs, 
and has degree zero under the ( 61 , ci) and (/3, 7 ) number operators. Assuming this grading 
structure persists at the quantum level, we can consider the possible quantum corrections to 
Rn- In addition to the requirement that [Rn,T^°^] = 0, with = {Qo,b}, Rn has to satisfy 
the recursive conditions organised by the (r, s) grading, as given in (|T^), where Qi is now the 


operator Qi given in (10) with the yr term absent. The complexity of solving these recursive 
conditions increases dramatically with n. We have solved explicitly for i?i and R 2 . As in the 
11 ^ 2,2 case, the number of free parameters in Rn increases with n. 

While we have not given in closed form the full quantum-level canonical transformations 
needed to cast the BRST operator into the form of Eqn. (1^), some aspects of the closed-form 


expression can nevertheless be outlined. At the classical level, the transformation ( 21 ) maps 
(r, s) to (f, s), where 


f = r(l — ix), 
s = sg{x), 


( 23 ) 
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where x = r'^s^. The transformation (^) is canonical provided the Poisson brackets for r and 
s are preserved, which requires that the function g{x) satisfy the differential equation 


x{3 


+ (1 


x)g{x) = 1 . 


This differential equation can be solved: 


(24) 


^ k + Tdyy ^/^(l - ^y) 


(25) 


where k is an integration constant. The integral in (|^ ) yields a hypergeometric function. 
Methods for promoting such classical canonical transformations to the quantum level in d = 1 
quantum mechanical systems are now well developed [^, and one may anticipate the applica¬ 
bility of such methods to the quantum forms of transformations like Eqns. (0) and (il in 
d = 1 + 1 conformal field theory as well. 

To end this section, we recall that Eqn. (Q) gives a critical realisation of the IT 1+3 algebra 
(|3|). Thus, one can construct a nilpotent BRST operator for the system. The constraints are 
then reducible, however, since Jq = sWq, and therefore the spin -1 gauge symmetry in this 
system is effectively fictitious. This can also be seen from the BRST operator: 


Q = j> {c{To-28(3'^ - bidci-bdc) + '^Wq + ciJq - . (26) 

After inserting the realisation (|^, one can use a similarity transformation with R = § s(c5/3 -|- 
3dc f5—I3ci) to convert the BRST operator (^^ into the form of Eqn. (|l^), where the ghost fields 
( 61 , Cl) originally corresponding to the spin-1 current can now be reinterpreted as a Liouville 
sector. Thus, in this realisation the non-critical W 3 string is equivalent to a critical VE 1+3 string. 


4 The critical W 3 BRST operator and its cohomology 


Now we construct a critical BRST operator using the new realisation of the W 3 algebra at 
c = 100. As discussed in section 2 , the new realisation can be obtained from the VEi+s realisation 
(|^ by inverting the basis change (||). By making a canonical field redefinition ||^], we find that 
the corresponding critical BRST operator can be written in a graded form, given by 


Qo = c(Tx + 2dr s + 3rds — bidci — 28(5 7 — 3(58^ — b8c^ , 

Qi = + ^r'^s'^bici + ^8r rs^ + ^r‘^8s s — lrsbi8ci 

— ^rs8bi Cl — ^rs(58'y — ^8‘^r s — ^8r 8s -|- ^r8‘^s — ^8r sbici (27) 

-|r9s 6 ici |6i(9^ci -h ^8bi 8ci + ^8‘^bi ci -k f/SSy 61 ci -k §9/3 Sy) , 


where Tx is an energy-momentum tensor with central charge c = 28. 

In fact, this BRST operator can also be converted into the form of Eqn. (IR) by a local 
similarity transformation. It then follows that its cohomology is equivalent to that of the 
Virasoro string, with an energy-momentum tensor Tx — bi 8 ci. Thus, this BRST operator 
provides an embedding of the c = 28 — 2 Virasoro string into the critical 11^3 string. To see 
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this, as in the case of the non-critical Ws BRST operator discussed in the previous section, it is 
instructive to study first the similarity transformation at the classical level. The classical terms 


of the Qi operator (^) are 7 (r — + ^r^s^bici). They can be transformed classically into 

a single term yr by the invertible local transformation 


Cl 


r - + ir^s^6ici 


2n^3n+l 


Y.9nr 

n>0 

n>0 


(28) 


n>0 


where Qn = n(3n + 1) ^Qn-i, fn = |(3n - 4)n Vn-i, = |(3re - 2)n ^Cn-i and gQ = Jq = 
eo = 1. This transformation leaves the operator Qq in Eqn. (|2^ invariant. The terms of the 
operator R that generate this classical-level transformation are given by 

Rci = E f E hn(r ‘^'^^^- i(3n + , (29) 

n>l n>l 

where the hn have precisely the same values as those given below Eqn. (^). Analogously to the 
case of the non-critical IT 3 BRST operator, one can then obtain the similarity transformation 
at the quantum level, again organised by the (r, s) grading. Owing to the complexity of the 
computation, we have solved explicitly only for i?i and R 2 - 

In this and the previous sections, we have used the new realisations to construct critical and 
non-critical IT 3 BRST operators. Both of these provide embeddings of the c = 28 — 2 Virasoro 
string. It is also of interest to compare the properties of the two BRST operators. First, we 
note that Qo is the same for each case. Also, both BRST operators are nilpotent even in the 
absence of the yr term in Qi. When the yr term is included they are equivalent, since both 
of them can be converted into (^) by local canonical transformations. When the yr term is 
absent, the two BRST operators become inequivalent. Neither of them is then related to (|l^) 
by a local canonical transformation. When the yr term is omitted, it is convenient to consider 
the BRST operators with (r, s) and ( 61 , ci) expressed in bosonised form 

r = d^e~^ , s = , 

61 = e-^P , Cl = e^P . (30) 


In terms of the scalar fields (j) and /?, the non-critical BRST operator becomes the same as the 
one constructed in Q, except that in this paper we have realised the c = — 2 Liouville sector 
by the single scalar p rather than by a two-scalar system. The critical BRST operator, on 
the other hand, is identical to that of a c = 100 Romans realisation, with the distinguished 
scalar (j)i given by {34> + ip)/y/8, and the effective energy-momentum tensor given by 
Tx - ^id4>2)‘^ - where 4>2 = 3p)/\/8. It is easy to see that T®® then generates 

the Virasoro algebra with c = 251. 

The inequivalence of the two BRST operators with the yr term omitted can be seen in a 
more general context by studying the most general possible forms of the Qi operator that can 
be constructed with two scalar fields. We have found that, even at the classical level, there are 
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precisely two inequivalent solutions satisfying the nilpotency conditions. Both of these can be 
extended to the full quantum level. One corresponds to the non-critical BRST operator; 
the other corresponds to the critical BRST operator. We have showed above that for both 
of these BRST operators one can add a term yr after replacing one of the scalars by an (r, s) 
system, and with this inclusion the critical and non-critical constructions become equivalent, 
and are also equivalent to an embedding of the Virasoro string. 


5 Conclusions and discussion 


In this paper, we have constructed a new realisation of the W 3 algebra, making use of the fact 
that the IT 3 algebra can be linearised through the addition of a spin-1 current. The spin-3 
current Wq in the linearised W 1+3 algebra is null. The previously known free-scalar realisation 
of W 3 corresponds to the case where this null current is identically zero. The null current, 
however, can be non-zero and was first realised using parafermionic vertex operators in Ref. 
1^. In this paper the null current is realised by ghost-like fields. The central charge of the 
resulting W 3 realisation can be arbitrary. In particular, we constructed the cases with central 
charge c = 102 and c = 100 , and we built the corresponding non-critical and critical W 3 string 
BRST operators. We showed that both BRST operators can be converted into the form of a 
BRST operator for the Virasoro string with c = 28 — 2, together with a Kugo-Ojima term. 
Thus, the c = 28 — 2 Virasoro string can be embedded into both the critical and the non-critical 
W 3 strings using the new realisation. Since the Kugo-Ojima system has the identity as its 
only non-trivial operator, one may consider these to be genuine embeddings, not requiring any 
further truncations of states. The embedding of the c = 26 Virasoro string into strings with 


enlarged worldsheet symmetries was first discussed in Ref. [10|, where its embedding into the 
N = 1 and N = 2 superstrings was given. 

The embedding of the Virasoro string into the critical W 3 string has also been previously 
discussed from a different point of view. The standard Romans realisation of W 3 at c = 100 can 
be viewed in a loose sense as an embedding of the c = 25i Virasoro string coupled to the Ising 
model, since physical states of the W 3 string are the tensor product of c = 25i string states 
with primary operators of the Ising model. This description of the embedding is not totally 
satisfactory, however, since the Qi operator, which in this case describes the Ising model, is not 
purely topological. Later, Ref. proposed an embedding of the d = 26 Virasoro string into 
the critical W 3 string with the usual Romans multi-scalar realisation. However, it had already 
been established that the cohomology of the multi-scalar W 3 string corresponds to a c = 25| 
bosonic string coupled to the Ising model, and this is inequivalent to the cohomology of the 
d = 26 bosonic string. No local transformation of the field variables can alter this result. Indeed, 
the similarity transformation used in Ref. ||TT[| to relate the W3 string to the d = 26 Virasoro 
string involved non-local terms. Such a transformation does not establish an equivalence of the 
cohomologies of two BRST operators, since the notion of BRST non-triviality must be defined 
with respect to a given set of local operators. The embeddings described in this paper are 
genuine, in the sense that they make use only of local canonical transformations in order to 
establish the equivalence of the BRST cohomologies. 

In closing, it is worth remarking that the operator Qi for the W 2 2 string given in Eqn. 


(12) is itself a BRST operator for the Virasoro algebra, with (/?, 7 ) viewed as the ghosts for the 
energy-momentum tensor. We showed in section 3 that this BRST operator can be converted 
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into the single term 'yr, for which the only non-trivial cohomology is the identity. Thus, this 
can be viewed as the BRST operator for an embedding of an “empty” string into the bosonic 
string. 


Acknowledgements 

H.L., C.N.P. and K.S.S. would like to thank SISSA for hospitality at the beginning of this work. 
K.S.S. would also like to thank Texas A&M University for hospitality at its conclusion. 


Note Added 


After this paper was completed, we learned of a paper by F. Bastianelli and N. Ohta |12], which 
has some overlap with our work. They introduced an additional pair of ghost-like bosonic fields 
(f, s) which have spins ( 1 , 0 ), and constructed a c = 102 realisation of the VF 1+3 algebra with 
Wq = r and J = rs + f. They then obtained a c = 102 realisation of VI 3 and used it to construct 
a non-critical VF 3 BRST operator. However, they did not obtain the cohomology of the BRST 
operator. 
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